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Abstract 

o . 

^\i , A criterion is presented for the Modified Logarithmic Sobolev inequahty 

^ I on metric measure spaces. The criterion based on U-bound inequalities 

O ' introduced by Hebisch and Zegarhnski allows to show the inequality for 

2^ . measures that go beyond log-concavity. 
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"S '. 1 Introduction. 

A lot of attention has been focused on inequalities that interpolate between the 
Log-Sobolev inequality 

^. Ent,{\fn<C^l\Vf\'• (LSr) 

0^ ■ (see [ini, [2], [8]) for r = 2 and the Spectral Gap inequality, that is 



in 

o 
o 



^: /i|/-/./p<cviv/|^ (SG) 

where for the measure /i on M", the entropy 

/ 



V: Ent^{f):= fi if log- 

and I V/l is the Euclidean length of the gradient V/ of the function / : M"' — )■ M. 
For a detailed account of these developments one can look on [TT] and [B] . A first 
example of an inequality interpolating between the Log-Sobolev and the Spectral 
Gap was introduced by [7j and then studied by [16] and [5] . Modified Log-Sobolev 
inequalities have properties similar with the Log-Sobolev inequality, since they are 
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both preserved under bounded perturbations and product measures (see [T], [8]), 
while they both imply concentration of measure properties (see [17], [11], [3], [6], 

In this paper we are interested in the Modified Log-Sobolev inequality intro- 
duced by [TT], (see also [12] and [H]). 

Given a g G (2, +oo), for x G M we can define the modification Hq of \x\'^ : M — )■ 
Mtobe 

fx2 if |x| < 1 

I \x\'^ if |x| > 1 

The definition of the MLS (Hq) inequality follows. 

The Modified Log-Sobolev Inequality. 

We say that the measure fi satisfies the Modified Log-Sobolev Inequality if there 

exists a constant Cmls such that for any function / G C°° the following holds 

/^l/l'^«^;|j7P ^ Cmls j Hq {^^\ fdfi {MLS{Hq)) 

for some positive constant Cmls- 

Concerning measures that satisfy an MLS{Hq) inequality, in [11] it was shown 
that the (MLS(ifg)) inequality for the one dimensional measure on M is satisfied 
by the measure 

— \r\P 
p I 

Up = -^—dx 

Zip 

for p conjugate of g, i.e. - + - = 1, and Zp the normalization constant. Further- 
more, Barthe and Roberto in [6] showed that a measure rl-v{x)^^ dx such that 

V"{x) 
limiid sign{x)V'{x) > and lim — — — - = 

|x|-s-oo |a;|-i-oo V'{x) 

satisfies the {MLS{Hq)) inequality if and only if 

V{x) 
lim ,^^,, ,, < cx) 
|x|^oo |V^'(2;)|9 

As a consequence, one obtains that non log-concave measures like for instance 

V{x) = \x\^ + a{x) cos(x) 

such that a(x) = k\x\^^^~^ for \x\ > 1, k a. small constant, and p > -2- and 
S G (0, 1) satisfy the (MLS{Hq)) inequality. 



The purpose of this paper is to present examples where the (MLS(ifq)) in- 
equahty is satisfied for measures that go beyond the last mentioned example, as 
for instance measures defined with 

V{x) = d{xY + a{x) cos(x) 

such that a{x) = kd{xY~^ for |2;| > 1, A; G (0, 1) some small constant and p > -^, 
where d{x) = d{xQ, x) denotes the distance of x from a specific point xq. In order 
to obtain such examples, at first a criterion is going to be presented based on the 
U-bound inequalities introduced by Hebisch and Zegarlinski in |14] . 
In the aforementioned paper, the U-bound inequalities 

f^{rd')<Cf,\vf\'^ + Df,\f\'^ 

where used to prove Log-Sobolev q inequalities for q G (1,2], the spectral Gap 
inequality, as well as F-Sobolev inequalities. In particular, for 6 G (1,2) the 
following U-bound inequality 

f^eifd'^'-'^) < Cf,e\Vf\' + Df,e\f\' (1-1) 

was used to prove the F-Sobolev inequality 

f 



r 



log 



/ Pdf^g 



df^e<Cfie\Vf\' + Df,e\f\' (1.2) 



for ? G [0, 1] and fie = J^^^oU^dx. 

In this paper, we apply the methods developed in [13], in order to obtain similar 
results for the case of the Modified Logarithmic Sobolev inequality (MLS(ifg)). 
More detailed, as shown in Theorem 12.21 the following U-bound inequality for 
q>2 

i^ifd'^^p"'^) <ci,{\\/f\vr') + DM' 

is sufficient for the measure /i to satisfy an (MLS(ifg)) inequality, for p > q', where 
q' is the conjugate of q. As a consequence, examples of non log-concave measures 
that satisfy a Modified Log-Sobolev inequality are presented in Corollary 12.31 

2 A criterion on MLS(i/g) inequalities. 

We consider general n-dimensional non compact metric spaces. We will denote d 
the distance and V the (sub)gradient for which we assume that - < |V(i| < 1 for 
some a G [l,oo), and Ad < K outside the unit ball B = {d{x) < 1} for some 



K e (0,+oo). If d\ is the n— dimensional Lesbegue measure we assume that it 
satisfies the Classical-Sobolev inequahty (C-S) 

\f\'+'dXy^^ <a I \Vf\'dX + p I \f\'dX (C-S) 

for positive constants a, 13, as well as the local Poincare inequality (see [IS]), that 
is, there exists a constant cr G (0, oo) such that for every ball Bpt, 

dX < CR^ [ \Vf\\lX (2.1) 

-DR J Br 



\Br\ J Br 



l-Difl J Br 



Remark 2.1. The main assumptions for the n- dimensional non compact space 
with distance d and (suh)gradient V are for instance satisfied in the case of the 
M"',n > 1 with d being the Eucledian distance, as well as for the case of the 
Heisenberg group, with d being the Carnot-Caratheodory distance. 

The local Poincare inequality for the Lebesgue measure l\2.1\) is a standard result 
(see for instance fT3f . [14^ ). Concerning the Classical Sobolev inequality for n > 3 
one can look at f^l and IWf . For the case of n = 1,2 a stronger result holds. The 
(C-S) in these two cases actually follows directly from the case n = 3. To see this, 
for instance for n = 1, if we consider a function (7 : M — )■ M and then apply the 
(C-S) inequality for n = 3 for the function /(xi, X2, x^) = Y[i=i Qi^i)) ^^ obtain 

hWl^. <c^(^j\^ 9? dX^ Ml + P\\9\\l 
If we assume \\g\\\ = 1 we then have 



ll5||2+.< («y \Vg\'dX + p\ (2.2) 

In the case where J \Vg\'^dX < 1, /i2.^) becomes 

11^11^+. <(« + /3)^ (2.3) 

In the case where J \'Vg\'^dX > 1, from /i2. ^) we obtain 



1 i_ 

|2 ^1^1 IV7^|2j\ , fl \ ^ ^ / ^, / IV7„|2, 



\g\\U,<\aJ \Vg\'dX + p\ <\aJ\Vg\'dX\ + /^a 

<1 j\Vg\^dX + p'^ (2.4) 



for positive constants 7 and (3. If we combine together inequalities l{2.3\) and l[2.4 
we have that for any (7 : R — t- M such that \\g\\\ = 1 the following holds 



,2 ' ■- - -- ■ 
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Il^ll2+e<7y \Vg\'dX + {a + (3) 

for positive constants a,/3,7. The result follows if we replace g by — r- 

Furthermore, for dX the Lesbegue measure, we define the probabihty measure 

d^p = ——dX 
Zp 

where Zp is the normahzation constant. Since in this paper we are concerned with 
the subquadratic case we consider 1 < p <2. The main result is as follows. 

Theorem 2.2. For any q > 2, let d/j, = ^-^dfip for p > -^ be a probability 
measure defined with an a.e. differentiable potential W satisfying 



\VW\ < SdP"^ 



75 



with some small constant 6 G (0, 1) and 75 G (0, 00). Then the following Modified 
Log-Sobolev inequality (MLS(Hq)) holds 



|2 
|2 



.\f\'^o,jn_<-cJH,[^if)f,, 



for some positive constant c. 

As a direct consequence of the last theorem, we can obtain examples of mea- 
sures that are not log-concave and actually go beyond the examples provided in 
[6] . The corollary below presents such a family of measures. 

Corollary 2.3. Let dfi = jf^^v^dX be a probability measure defined with an a.e. 
differentiable potential V satisfying 

V{x) = d{xY + a{x) cos(x) 

such that a{x) = kd{xY^^ for \x\ > 1, where p > -^ and k G (0, 1) a small 
constant. Then the following Modified Log-Sobolev inequality holds 

/^l/l log—-^<cjHj——jfdn 



As explained in the introduction, the t/— bound inequahties introduced in [T] 
will play a crucial role in proving the MLS inequality. The proposition bellow 
provides a link between subquadratic measures and t/— bound inequalities. 

Proposition 2.4. Let dfi = ^-^-dfip be a probability measure defined with a dif- 
ferentiable potential W satisfying 

\VW\ < Sd''-^ + 75 

with some small constant 6 G (0, 1) and 75 G (0,oo). Then there exist constants 
C", D' G (0, +00) such that the following bound holds 

\f\'d'^^^-'Ufi <C j H, {^^^ f'df, + D j \f\^d^^ (2.5) 

Proof. The starting point of the proof is the following U-bound inequality from 



Theorem 2.5. ( \14^ ) Assume that ^ < \Vd\ < 1 for some a G [l,oo), and 
Ad < K outside the unit ball B = {d{x) < 1} for some K G (0,+oo). Let 
dfi = ^^-dfip be a probability measure defined with a differentiable potential W 
satisfying 

\VW\ < dd"-^ + 75 

with some small constant d G (0,1) and 75 G (0,oo). Then there exist constants 
C", D' G (0, +00) such that the following bound holds 



\f\dp-'dfi <c' j I v/|d/i + D' j\f\d^x 



We will use the last theorem in order to obtain a ^— bound inequality with a 
tighter left hand side. Let di{x) = max(l,d(x)). From Theorem 12. 5^ by enlarging 
the constant D' we may assume that 

J \f\d\-^d^ <C' j \VfW + D' j\fW (2.6) 

If we choose h = Ifl'^d^ we have 

i/iv(^-i)d/i<y'i/rrff-^)rf/. (2.7) 

Furthermore, from the inequality (12.61) we can obtain the following bound 

f Ifl^df-'^dfM = I \h\dl~'dfi <C' I \Vh\d^ + D' f \h\diJ (2.8) 



For i? > 1 we have 



|2 ,(P~1){9-1) ,,, , / I r|2 ,(p-l)(g-l) 



\f\'d'f~'"'^'>dfi+ / \f\'df-'>''^'>dfi (2.9) 

Br Jb-^ 

where Sr denotes a ball of radius R, i.e. Bfi = {d{x) < R}. For the first term on 
the right hand side of fl2.9p we have 

f |/|2^(p-i)(^-i)rf^</?(p-i)(<?-i) /"l/prf^ (2.10) 

Jbr J 

While for the second term on the right hand side of fl2.9p we compute 

Prom f l2:9|) -f l2lT]l we finally obtain 

hd^^ = i?(^-i)(''-i) I \ffd^, + ^ / \f\'df~'^d^ (2.12) 

for a constant R > 1. Furthermore, we have 

\Wh\ = 2\Wf\\f\dt'^^'^~'^ + {q-l)ip-l)\Vd,\\f\'dt'^^'-'^-' (2.13) 

We can compute 



< «2 I iVfWr^dfj. + ^l Ifl'df-'^df, (2.14) 



for a constant a > 0. We also have 



f \vd,\\f\'df''^^'''^-'dfi < I fSr'^^'-'^dii 

< i?(^"^)(''-^) I fdf^ + ^ Jlfl'df-'^df^ (2.15) 



where above we used the bound from fl2.12p . From fl2.13p . (12.141) and (12.151) we 
obtain 

J \Vh\d^, <a' I \Vmf\'-'dfi +{q-l){p- l)i?(P-i)(«-i) j l/pd/i 

l_^ i<l-l)ip-l) \ ^;|2^.b-i)rf^ (2.16) 



If we plug (1216|) and (1212|) in ([23D we finally obtain 

+ (D' + C'(5-l)(j9-l))i?(P-i)(''-i) / l/pd/i 



If we choose a and R large enough so that ^ H ji^p-i < 1 we obtain 

I i/r^f -'^rf/x < c 1 1 v/n/r^^rf/i + D I f d/. (2.18) 

for constants 

c = - ^'" 



and 



1 _ ( C: I D'+C'iq-l){p-l) 



^ _ jD' + C'jq - l){p - 1)) R^P- ^^^'i-^^ 

~ ^ _ fc:. M D'+C'iq-l){p-l) 



The proof of the proposition follows from (12. 7p and (I2.18P for constant D = C + D, 
since iV/H/p-^ < /^ when |V/| < |/|. D 

If we compare the U-bound inequality (12. 5p of Proposition [2]4] with the U-bound 
inequality (II. ip used in [H] to show the F-Sobolev inequality (II. 2p . one notices 
that the left hand side of (12.50 is stronger, while the right hand side is relaxed from 
the full gradient to the weaker modification related with the Modified Logarithmic 
Sobolev inequality (MLS(i^g)). In the next proposition we present the link between 
the [/-bound inequality of the last proposition and the Defective Modified Log- 
Sobolev inequality. 



Proposition 2.6. Suppose that the measure 

e-^dX 



Je-^dX 



where dX the n— dimensional Lebesgue measure and U > 0, satisfies the following 
U-bound inequality 

M' {\VU\' + U)<C j H, (^M^ fdf, + Df,\f\' (2.19) 

for some positive constants C and D both independent of f . Then the following 
Defective Modified Log-Sobolev inequality holds 

Proof. We follow closely the work in [13] for the Log-Sobolev q inequality (see also 
[T5]). Without loss of generality we can assume that / > and we set p = r^-u^x 
and g = fp2 We also assume that 

Jg'dX = ^if = l 

Then we can write 

j{gHogg')dX = -Jg\\ogT)dX < ^;log (^J g'^^dX^^ 

where above we used the Jensen's inequality. If we use now the Classical-Sobolev 
inequality (C-S) for the Lebesgue measure dX 

Ifl'^'dx] ^^^ <a [ I V/pdA + f3 [ \f\'dX (C-S) 



for positive constants a, (3, we will get 



jig'logg'yiX < ^log (aJ\Vg\'dX + pj \g\'dx\ 

<(i±i)fiy|V#dA+(i±i)^/|«PdA (2.20) 



where in the last inequahty we used that logx < x for a; > 0. For the first term 
on the right hand side of fl2.20p we have 



\Vg\'dX = J \V{fp^)\'dX 

<2'^"V|V/P + 2y"|/V(p5)|2rfA (2.21) 

We have 

J |/V(pi)prfA = J |p^p^/V(p^)pdA = /i/2|p^V(p^)p 

If we plug the last equality in f l2.2ip . we obtain 

J \Vg\'dX < 2/i|V/p + ^i^flVUl' (2.22) 

If we combine inequalities (I2.20p and (12. 22 p . we get 
|(/log/)dA<^^^±i^/.|V/r + 



.2(2 + e)a ,^^,2 , (2 + 6)/3^^, 



^2(2+^ ^^ (2.23) 



For the left hand side of (12.231) . since f/ > 0, we have 



p-U p-u 



W>o,,VX-l{j^ru^f'>o,j-,^f'],X 



--^,{f\ogf') + ,iir\oe 



e 



-u 



fe-UdX^ 

=l,{f log f) - f^ifU) - ^i (^f log / e-^dA 

>^,{f\ogf)-^,{fU) (2.24) 

If we combine (I2.23P and (I2.24p . we obtain 

Kf log P) <a/^| V/r + 7/^f + /3/if (I Vt/r + U) (2.25) 

where a = ^^ , (3 = max{ ^ ^4 , 1} and 7 = L_!i£_ jf -^^e use the U-bound 
inn^ . the inequality (1225D gives' 

/i(/' log f) <{a + ^C) J H, 0^] fdf, + PDfif + ^f,f 

If we replace / with -^ which has mean equal to one we obtain the result. D 
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We can now present the proof of Theorem 12. 2[ 
Proof of Theorem \2.2l Since p > -^ and |VVF| < Sd^"^ + 75 for a small 

constant 6 G (0, 1) and 75 G (0, 00) we derive that ioT U = d^ + W there exists a 
positive constant C such that 

I f^{\VU\'^ + U)d^i<C I fd'^^f-^^dfi + C f f^dfx 



since g > 2 and p > -^. If we apply the U-bound inequality of Proposition 12.41 to 
bound the first term on the right hand side of the last inequality, we then get 

I f {\VU\' + U)dfi< CcJh, (^M^ fdf, + C{D + 1) I \f\^dii 

Since we have obtained a U-bound inequality like the one required in hypothesis 
fl2.19p we can apply Proposition 12.61 This will lead to the Defective Modified 
Log-Sobolev inequality 

f log -JJT^^d^^ <cj fH, (^-^^ df^ + DJ fdf, (2.26) 

for positive constants C and D. In order to finish the proof of the theorem it 
remains to pass from the Defective Modified Log-Sobolev inequality (12.261) to the 
Modified Log-Sobolev inequality (MLS(ifg)). To do this we will first need the 
Poincare inequality for the measure dfi. This is provided from the following theo- 
rem, whose proof can be found in 



Theorem 2.7. ([T^) Suppose 1 < q < 00 and a measure A satisfies the q— Poincare 
inequality for every ball Br, that is there exists a constant cr G (0, 00) such that 

I f-JW-\l f'd^<^R^I IWr^^A (2.27) 



\Br\ Jbr 



Let n be a probability measure which is absolutely continuous with respect to the 
measure X and such that 

J I/I V/^ < cJlVfl" + Dj\f\'^dfi (2.28) 

with some nonnegative function r] and some constants C, D ^ (0, 00) independent 
of a function f . If for any L G (0, 00) there is a constant A^ such that 

1 dii 

< — < At 

Al- d\- ^ 
11 



on the set {rj < L} and, for some R G (0, oo) (depending on L), we have {rj < 
L} C Br, then fi satisfies the q-Poincare inequality 

/^i/-/i/r<cviv/r 

For A being the Lebesgue measure, fl2.27p is true as initially assumed in fl2.ip . 
Furthermore, (12.281) was shown in Proposition 12.41 for rj = d'^^^~^\ Thus, if we 
apply the above theorem for g = 2 we obtain that the measure /i also satisfies the 
following Spectral Gap inequality 

/i|/-/^/|'<cV|V/|' (2.29) 

for some positive constant d . If we combine the Defective Modified Logarithmic 
Sobolev inequality (12.261) . together with the Spectral Gap inequality (12.291) the 
theorem follows according to the following theorem (see [1]) 

Theorem 2.8. (l4^il) Let H he an even function on M, which is increasing on M"*" 
and satisfies H{0) = and H{x) > cx^ . Assume that there exists q > 2 such that 
X — > -^ is non-increasing on (0,+oo). 

Assume that a probability measure fi satisfies a Defective Modified Log-Sobolev 
inequality: 

If ^ also satisfies a Poincare inequality, then there exists a constant C such that 
for every f , 



3 Conclusion. 

In this paper a criterion on the Modified Log-Sobolev inequality was presented with 
the use of U-bounds. In particular, in Proposition 12.61 we saw that the following 
U-bound inequality 

together with the Spectral Gap are sufficient for the measure d/i = -rp^u^dX 
to satisfy a MLS{Hq) inequality. Concerning the converse problem, if we follow 
the work in [H] for the similar problem concerning the stronger Log-Sobolev q 
inequalities we can show the following result. 

12 



Theorem 3.1. Suppose that the measure d/i = -f^^u^dX satisfies an MLS(Hq) 
inequality and that U is such that 

\VU\'' <aU + b 

for positive constants a and b. Then the following U-bound is true 

I \f\^Udf,<C I H,(^-^^ f'df, + D I Ifl'l, 

This demonstrates that as in the case of Log-Sobolev q and F-Sobolev in- 
equahties, the Modified Log-Sobolev MLS(ifg) inequahties are also equivalent to 
U-bound inequalities. 
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